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APPLICATION Opals RESUETS OF RE- 
Sa ANCE hOetiigitt oKUGhORAL DESIEN 
OF CONCRETE PAVEMENTS’ 

Reported by E. F. KELLEY, Chief, Division of Tests, Public Roads Administration 

URING the past 20 years many studies have been 
made of the various factors that influence the 
structural performance of concrete pavement slabs 

and the numerous reports of these investigations are 
scattered through the technical literature. Most of 
these reports, of necessity, are highly technical and the 
mass of data presented and the detailed descriptions 
that are included, both as a matter of record and in 
order that the reader might have confidence in the 
validity of the results, frequently tend to obscure the 
value and importance of the conclusions. 

In addition, individual reports frequently cover but a 
single phase of a given subject and are useful only when 
considered in connection with the available reports 
dealing with the remaining phases of the same subject. 
The net result of this situation is that many facts that 
have been well established by research are little appre- 
ciated and too frequently are given scant consideration 
in the practical design of pavements. It is the purpose 
of this paper to bring together under one head and make 
available for the practical use of the designing engineer 
the important facts that have been developed thus far 
in research work relating to the structural design of 
concrete pavements. 

In the field of bridges and buildings the basic prin- 
ciples of design have become so well established that, 
to many engineers, the term ‘“‘structural design’’ con- 
veys the idea of a rather exact and accurate mathe- 
matical procedure to be followed in proportioning the 
several parts of a structure. No such presumed accu- 
racy exists in connection with the structural design of 
concrete pavements. 

From the standpoint of stress analysis the concrete 
pavement is a highly complex structure. It is sup- 
ported by soil whose physical properties vary appre- 
clably at different locations, at different points in the 
same general location, and even at different times at 
the same point. It is subjected to the action of external 
forces produced by the wheels of vehicles and the mag- 
nitude of these forces and their effect on pavement 
stresses are influenced by a number of variables. In 
addition, it is constantly subjected to bigh internal 
stresses produced by changes in temperature and mois- 
ture. Much has been learned concerning the influence 
of the different variables on pavement stresses but a 
great deal of additional research is still needed. How- 
ever, on the basis of available information, reasonable 
assumptions of sufficient accuracy can be made to 
insure a pavement structure that will function in a 
satisfactory manner. 

Structural design, in general, is distinguished by the 
use of conservative unit. stresses which, for structural 
steel, are well below the elastic limit and, for concrete, 
well below the ultimate strength. This results in the 
so-called factor of safety which is depended upon to 
provide for all the unknown conditions for which it is 

! Paper presented at the annnal meeting of the American Concrete Institute, 
March 1939. Because of its length, this report will be presented in two issues of 
PuBLic Roabs. The second installment will appear in the August issue. 
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impossible to make definite provision. In contrast to 
this the current designs of concrete pavements are 
generally such that the factor of safety, if any, is so 
small as to be almost negligible. 

The maximum combined stresses due to external 
loads and to temperature in pavement slabs of the 
dimensions commonly used will very frequently be 
found to be so close to the ultimate strength of the 
concrete that there is little or no margin left to provide 
for unknown or unforseen conditions. In making this 
statement there is no intention to imply any general 
criticism of present practice since the present standards 
of design have proven reasonably adequate. When 
the need for the great mileage of existing pavements 
and the fact that structural failures of these pavements 
do not generally endanger human life are considered, 
it seems probable that any significant increase in cost 
to provide a margin of safety comparable to that 
provided in bridges, could not have been justified from 
the economic standpoint. However, it is important to 
recognize that the low or negligible factor of safety that 
is provided in designing concrete pavements makes it 
highly desirable to be somewhat conservative in assum- 
ing design values for the different variables that must 
be considered. 

IMPACT REACTION DEPENDENT. ON FOUR VARIABLES 

Wheel loads and impact.—Neglecting the unpredict- 
able forces caused by localized differential heaving or 
subsidence of the subgrade soil, the external forces that 
create stress in the ‘pavement slab are produced by 
vehicles. Naturally, the heavier vehicles are the more 
important. 

One of the earlier investigations (1)? developed the 
important fact that for heavy vehicles of the usual type, 
that is, four- or six-wheel trucks or trailers, the critical 
stress developed i in a concrete pavement, when the axle 
spacing is in excess of about 3 feet, is primarily a func- 
tion of the wheel load and not a function of the gross 
load on the vehicle or the axle spacing. By means of 
his theoretical analysis, Westergaard (2) subsequently 
arrived at the same conclusion and this has been 
confirmed by later tests (3). This finding, which 
permits attention to be confined to wheel loads rather 
than gross loads, greatly simplifies a problem already 
sufficiently complicated. 

The magnitude of the vertical force exerted on a 
pavement by the wheel of a moving vehicle may be 
considered to be the sum of the static weight of the 
loaded wheel and the additional impact or dynamic 
force created by the movement of the wheel over the 
irregularities that exist in the pavement surface. The 
researches of the Bureau of Public Roads have demon- 
strated conclusively that the impact reaction of a 
moving wheel is sufficiently i in excess of the static wheel 
load to make it an important factor in pavement design. 

The impact reaction of a moving wheel depends upon 
four major variables—wheel load, vehicle speed, tire 

2 Ttalic figures in parentheses refer to the bibliography, p. 102. 
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equipment, and road roughness (4). Other variables 
exert some influence but, in general, these four are the 
important ones. An increase in wheel load or pavement 
roughness; a decrease in the cushioning qualities of the 
tires; and, within limits, an increase in vehicle speed; 
all result in increased impact reactions. 

The tests that have been made have amply demon- 
strated the fact that the magnitude of the impact reac- 
tion is a function of the wheel load. Also, these tests 
have brought out important facts, not previously 
known, regarding the relation between wheel load and 
the impact reaction that it produces. In bridge design 
it is customary to express impact as a per centage of the 
static live load. Therefore it is important to “observe 
that while the total impact reactions of the wheels of 
motor vehicles increase with increase in wheel load, the 
percentage of impact, or the ratio of the dynamic incre- 
ment to the static load, actually decreases as the wheel 
load is increased. This fact may be attributed largely 
to the relative effects of sprung and unsprung weights, 
and to the relation between size of tire and its cushioning 
properties. 

The force which the wheel of a vehicle delivers to the 
road surface is made up of two component forces. One 
of these is caused by the unsprung weight on the wheel 
(that is, the weight of the parts not supported by the 
springs), and the other is caused by the spring pressure 
on the axle at the instant of impact. The part of the 
total impact reaction caused by the unsprung weight: 
is, in general, considerably greater than the part caused 
by the sprung weight. However, the ratio of unsprung 
weight to total weight is not a constant but decreases 
as the total or gross weight is increased. Also, as the 
wheel load is increased the tire size is increased and 
with it the ability of the tire to minimize the effect of 
surface irregularities. The result is that for a given 
condition of road roughness an increase in wheel load 
is not accompanied ‘by a corresponding percentage 
increase in the dynamic component of the impact 
reaction. 

The magnitude of the impact force is greatly de- 
pendent on the type and condition of the tire equip- 
ment. Solid, cushion, and pneumatic tires, in the 
order named, produce impact reactions of decreasing 
magnitude. The tests that developed this information 
were made at a time when rubber tires of the solid and 
cushion types were commonly used. Fortunately, 
these types are no longer in general use. The relatively 
few solid tires that are now used must be operated at 
such low speeds that, in comparison with the pneu- 
matic tires used on high-speed trucks and busses, they 
need be given no consideration from the standpoint 
of impact. Therefore attention may be confined to 
pneumatic tires. 

With respect to pneumatic tires it has been found (6) 
that, other conditions being the same, the dynamic 
increment of the impact reaction of high- -pressure and 
balloon tires is closely proportional to their inflation 
pressures. ‘Therefore, it follows that for a given wheel 
load the impact reaction created by low-pressure 
balloon tires 1s appreciably less than that caused by 
high-pressure tires. From the standpoint of pavement 
protection the balloon tire offers the additional im- 
portant advantage that it applies the load to the pave- 
ment over a larger area of contact, a condition that 
results in a lower slab stress. This relation will be 
discussed in detail later. 

INTENSITY OFIMPACT DECREASES AS FREQUENCY OF OCCURRENCE 

INCREASES 

Another fact with respect to the effect of tire equip- 
ment is that dual tires generally give somewhat higher 
impact reactions than do single tires of the same type 
and same load capacity. The difference is a vari- 
able which, from the practical standpoint, may safely 
be ignored since the increased stress in a concrete pave- 
ment slab resulting from the greater impact effect of 
dual tires may oenerally be expected to be more than 
offset by the reduction in stress resulting from their 
greater area of load application. For example, if it be 
assumed that a certain wheel load on dual high-pressure 
tires produces an impact reaction of 10,000 pounds 
then the minimum reaction that may reasonably be 
expected from the same load on a single high-pressure 
tire of comparable capacity would be of the order of 
9,000 pounds. With reasonable assumptions as to 
area of tire contact and other variables the computed 
stresses, by the original Westergaard analysis (2), for 
loads applied at the interior of a 6-inch slab, are 
about 330 pounds per square inch for the 9,000-pound 
load on the single tire and about 315 pounds per square 
inch for the 10,000-pound load on the dual tires. 
When a wheel runs over an obstruction, such as an 

inclined plane or a rectangular block, two types of 
vertical impact reactions are developed. One is caused 
by shock as the wheel strikes the obstruction and the 
other is caused by the drop of the wheel from the ob- 
struction to the pavement. In the earlier investigations 
involving pneumatic tires operated over artificial 
obstructions at speeds up to about 55 miles per hour (4), 
it was found that the shock reactions increased approx- 
imately in direct proportion to speed. It was also 
found that drop reactions reached maximum values at 
relatively low speeds, of the order of 25 to 35 miles 
per hour, and that these were not exceeded by the shock 
reactions except at speeds of the order of 50 miles per 
hour. In a subsequent investigation (6) involving only 
balloon tires, it was found that the use of artificial 
obstructions resulted in maximum drop impacts at 
speeds of from 20 to 40 miles per hour and that these 
were not exceeded by shock impacts at speeds up to 
70 miles per hour. 
From these tests with artificial obstructions it might 

be concluded that the effect of speed on impact reac- 
tions is not important for speeds in excess of 40 miles 
per hour. However, such a conclusion would require 
some modification as a result of the tests (6) that have 
been made to determine impact reactions resulting from 
the natural roughness of road surfaces. These tests 
were made at 28 locations where the natural roughness 
was as severe as would permit the safe operation of a 
heavy vehicle at high speed. In each of these 28 loca- 
tions the shape of the curve of impact reaction versus 
speed was different depending on the characteristics of 
the particular roughness condition. 

In some cases the maximum impacts were observed 
at relatively low speeds but in the majority of cases the 
impact reactions showed a general tendency to increase 
with increases in speed up to the maximum of 70 miles 
per hour. However, this statement applies to indi- 
vidual locations. When all the maximum impact reac- 
tions were plotted against speed it was found that 
a general maximum was reached at about 50 miles per 
hour and that this remained constant up to 70 miles 
per hour, the maximum speed attained in the tests 
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(fig. 24, Pusuic Roaps, Nov. 1932). Therefore, it 
seems reasonable to conclude that the effect of speed 
on impact reaction may be neglected for speeds in 
excess of 50 miles per hour. 

Two investigations have been made to determine the 
effect of conditions of general road roughness on the 
magnitude of impact reactions (6, 7). This is in con- 
trast to-the study of extreme conditions of roughness 
already described. In these tests, roads of various 
degrees of roughness, as determined by the relative 
roughness indicator (8), were selected for study and the 
test vehicles with different wheel loads and different 
tire equipments were operated over them at various 
speeds. . 

It was found that, other conditions being the same, 
there was a rather definite relation between the mag- 
nitude of the impact reaction and the frequency of its 
occurrence. Of the great number of impacts that may 
occur on a given section of road, those of the greatest 
magnitude occur only a few times while those of lesser 
intensity occur a greater number of times and the 
intensity decreases as the frequency of occurrence 
increases. For example, in the tests with a motor bus 
equipped with balloon tires and operated at a speed of 
40 miles per hour over a very rough concrete road, it 
was found that the impact factors (ratio of total impact 
reaction to static wheel load) for frequencies of 1, 40, 
80, and 100 times per mile were approximately 2.20, 
1.65, 1.55, and 1.50, respectively. However, the magni- 
tude of the impact factor for a given frequency becomes 
less as the roughness of the pavement decreases. The 
impact factors for the same vehicle as described above, 
operated at the same speed of 40 miles per hour over a 
smooth concrete pavement, were approximately 1.25 
and 1.18 for frequencies of 1 and 100 per mile, 
respectively. 

It is immediately apparent from this relation be- 
tween frequency and magnitude of impact factors that, 
from the standpoint of pavement design, it is necessary 
to select some reasonable frequency and to compute 
dynamic loads on the basis of the impact factor cor- 
responding to this frequency. Designing a pavement 
for a maximum load that may occur only once per mile 
would certainly be open to serious question and it is 
necessary to select an impact force that occurs with 
sufficient frequency to be of practical importance. A 
frequency of 100 per mile, corresponding to the maxi- 
mum impact reaction that may be expected to occur 
on an average of once every 50 feet, is suggested as a 
reasonable assumption. 

The existing data do not permit the evaluation, from 
any single series of tests, of all the variables that have 
been discussed. However, some of the variables have 
been studied in each series of tests and it is possible, by 
interpolation and extrapolation, to combine the data 
in the reports that have been mentioned (4, 5, 6, 7) so 
as to give impact factors that are in agreement with our 
present knowledge of the subject and which are suffi- 
ciently accurate for purposes of design. Such impact 
factors for a range of static loads on wheels equipped 
with dual high-pressure and balloon tires, a speed of 50 
miles per hour on a pavement having a reasonable 
degree of smoothness (neither extremely rough nor 
extremely smooth), and a frequency of 100 per mile, 
are given in table 1. 

The pavements on which impact-frequency studies 
were made were rated with respect to degree of rough- 
ness with the relative roughness indicator (8) and it is 

interesting to observe that, with minor exceptions, the 
order of rating would have been the same had they been 
rated for roughness by means of the impact-frequency 
curves. In other words, the roughness indicator gave 
a qualitative measure of the characteristics of the pave- 
ment surface that determine the magnitude of impact. 
However, while the roughness indicator is a useful in- 
strument, it is not one of precision. As it has com- 
monly been used the motor vehicle on which it is 
mounted becomes an integral part of the instrument 
and the results are reproducible only with the same car 
operated under the same conditions. Therefore, while 
a given instrument mounted on a given car gives a 
qualitative measure of the relative roughness of differ- 
ent road surfaces, it is not possible to express these 
results in absolute figures. 

TasBLE J.—Impact factors and total impact-road reactions 

Speed—50 miles per hour. 
Frequency—100 per mile. 
Condition of pavement surface—reasonably smooth. 

Dual high-pressure _s 
ike ‘ Dual balloon tires 

Static wheel load, pounds : | : 
Tota i Tota 

Umpact | impact | Tpact | impact 
reaction reaction 

Pounds Pounds 
45000 Zager rs eee ee E 2.05 8, 200 1.70 6, 800 
5: 000 2 ee ee pO ees ee ee 1.80 9, 000 1. 54 7, 700 
C5000 Pts Be he ea ee ene co ee 1. 67 10, 000 1,43 8, 600 
7000 Je ees Be eee oe Ee ee oe ee 1. 56 10, 900 1. 37 9, 600 
8) OOO rae Clee set ern essere eee oe 1.48 11, 800 1.31 10, 500 
SOOO ees ee ee re eee ee oe 1. 41 12, 700 27 11, 400 
OOO (ees ee eee 2 Be Ee aS 1. 36 13, 600 1. 24 12, 400 

The tests that form the basis for the data given in 
table 1 were made on pavements that appeared to repre- 
sent reasonable average conditions of surface roughness, 
intermediate between extremely smooth and extremely 
rough surfaces. A more precise definition cannot be 
given. On account of this variable and the others that 
affect the magnitude of the impact reactions, the data 
given in table 1 can be considered only as approximate. 
They represent the best estimate that can be made, on 
the basis of existing data, of the maximum impact reac- 
tions, important with respect to design, that can reason- 
ably be expected to occur as the result of the normal 
operation of the heavier motor vehicles. The digit in 
the second decimal place in the figures for impact factors 
is without significance. It is included merely for the 
purpose of making the impact factors agree with the 
total impact reactions which are given to the nearest 
hundred pounds. 

IMPACT FACTOR USED SHOULD BE INDEPENDENT OF POSITION OF 
LOAD 

As will be shown later, in a concrete pavement slab of 
uniform thickness the magnitude of the critical stress is 
greatly influenced by the position of the wheel load; 
that is, whether it is near an edge, a corner, or in the 
center of the slab. Since the higher impact reactions 
will be produced at the points where the surface irregu- 
larities are greatest, it follows that higher impact 
reactions may be expected in the vicinity of transverse 
joints and cracks than in the interior of the slab. In 
view of this consideration Bradbury (9) has suggested 
that a higher allowance for impact be made in the 
computation of stresses at transverse joints than in 
other portions of the slab. However, in plain (non- 
reinforced) pavements transverse open cracks are 
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quite likely to develop at random, except in very 
short slabs, and thereby create a roughness condition 
similar to that at formed joints. When this takes 
place in a thickened-edge slab a condition of weakness is 
created at the broken edge of the slab along the crack 
that makes it desirable to overdesign rather than under- 
design the thickness of the pavement. 

Also when a truck wheel leaves the edge of the pave- 
ment and then rolls back on the slab from a shoulder 
that frequently is not at the same elevation, an impact 
reaction of considerable magnitude may be developed. 
These considerations lead to the conclusion that nice 
distinctions with respect to the position of the load op 
the pavement are unwarranted and that the same impact 
factor should be used irrespective of the position of the 
toad. 

DESIGN STRESS EQUAL TO 50 PERCENT OF ULTIMATE STRENGTH IS 

CONSERVATIVE 

Fatigue limit of concrete.—Concrete, like other 
structural materials, will fail under repeated loads at 
unit stresses which are much less than the ultimate 
strength as determined by the stress at failure pro- 
duced by one application of static load. The stress at 
which failure takes place under a very large number of 
loadings is known as the fatigue limit or the endurance 
limit and, for concrete, it is “expressed as a percentage 
of the ultimate strength. 

Investigations of the fatigue limit in flexure under 
static load (10, 11, 12) have shown that concrete may 
be subjected to an almost unlimited number of appli- 
cations of a stress equal to about 55 percent of its ulti- 
mate strength without danger of failure. A similar 
study of the fatigue limit of concrete under impact 
loads (13) gave similar results although the maximum 
number of load applications was only about 83,000 as 
compared with the one or more million that are usually 
considered desirable in fatigue studies. From this 
study it was concluded that, with respect to fatigue, 
the behavior of concrete may be assumed to be very 
similar under both static and impact loads and that the 
same fatigue limit is applicable to both. 

On the basis of these investigations it has become 
rather general practice to assume about 50 percent of 
the ultimate flexural strength as a safe value of the 
working stress for use in designing pavements to resist 
wheel loads. However, the fatigue limit of the order 
of 50 percent of the ultimate flexural strength of the 
concrete has been established by tests in which the load 
applications were repeated at relatively short time 
intervals, as many as 40 per minute in tests in which the 
loads were applied without shock. In contrast to this, 
under normal conditions of traffic the heavy wheel loads 
that produce maximum stress are applied to the pave- 
ment slab at relatively long time intervals. 

Hatt concluded (11) that the fatigue limit is about 
the same for beams under continuous fatigue loading 
as for those under fatigue loading with short rest peri- 
ods. This is based on tests in which the stress cycles 
were at the rate of 10 per minute and in which the rest 
periods were not between individual load applications 
but were at intervals of several hundred or several 
thousand stress cycles. It is by no means certain that 
the fatigue limit might not be considerably different, 
and possibly higher, for stresses applied at time inter- 
vals corresponding to those which occur between suc- 
cessive applications of heavy wheel loads to a pavement 
under traffic. 

It is a well-known fact that stresses above the fatigue 
limit cause progressive inelastic deformation and final 
failure. However, the relation between intensity of 
stress above the fatigue limit and the number of repe- 
titions of this stress that will cause failure is not well 
established even for rapid repetitions of stress. For less 
frequent repetitions nothing is known concerning it. 

On the majority of highways the heavier vehicles 
constitute a small percentage of the total traffic and 
therefore the occurrence of maximum load stresses is 
relatively infrequent. It appears therefore that the 
present practice of assuming the design stress to be 
approximately 50 percent of the ultimate strength 0° 
the concrete 1s a conservative one insofar as the stresses 
due to maximum wheel loads are concerned. In view 
of the possibility that the fatigue limit for these infre- 
quent repetitions of stress may be higher than is indi- 
cated by available data, this practice may introduce 
some factor of safety of unknown magnitude. 

However, the limitation of the design stress to 50 
percent of the ultimate strength is believed to be 
unduly conservative when the pavement slab is de- 
signed for the combined effect of stresses due to load 
and those due to temperature warping since, as will 
be shown later, the maximum combined stresses due 
to load and temperature occur only in the daytime 
during the spring and summer months. It is apparent, 
therefore, that the frequency of occurrence of maximum 
load stresses in combination with maximum tempera- 
ture stresses is considerably less than the frequency 
of passage of the truck wheels that produce maximum 
load stresses. This is particularly true on those high- 
ways where the movement of heavy trucks is princi- 
pally at night. 

In attempting to establish safe unit stresses for use 
in the design of concrete pavement slabs several factors 
in addition to fatigue should be considered and these 
will be discussed later. It is sufficient here to point 
out that the many uncertainties regarding the fatigue 
characteristics of concrete render of doubtful value any 
refinements in the use of existing data. 

STATIC LOAD STRESSES MAY EXCEED IMPACT LOAD STRESSES 

Static stress versus impact stress——With respect to 
the relative stress effects of static and impact. loads, 
exhaustive tests by the Bureau of Public Roads (as 
yet unpublished) have shown that static and impact 
forces of the same magnitude, applied through rubber- 
tired truck wheels, produce approximately equal strains 
in concrete cantilever beams that are free to deflect. 
The procedure followed in making these tests has been 
described (14). However, it does not follow from this 
that the same relationship will exist in a concrete 
pavement slab resting on a subgrade. In fact, there 
is some evidence to indicate that it may not. 

A very limited series of exploratory tests of the effect 
of impact loads on pavement slabs has indicated the 
possibility that the stresses due to impact loads may 
be somewhat less than those due to static loads and 
that the difference between the two may not be the 
same in all portions of the slab. Any differences of this 
character that may exist undoubtedly result from the 
complex interrelation between pavement slab and sub- 
gerade and from the difference in time duration of the 
load application. The maximum impact reaction due 
to a wheel load is effective only for a small fraction of 
a second while static loads must be applied to the pave- 
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ment for several minutes before an equilibrium of load 
and strain is obtained. 

In the Arlington tests * it was found that in a pave- 
ment slab the time duration of the load application 
had a very important influence on the observed fiber 
deformation. From the time a static load was fully 
applied to the slab the observed fiber deformations 
increased at a fairly uniform rate for a period of several 
minutes before equilibrium was reached. The increase 
in deformation during this period amounted to as much 
as 15 percent. Asa result (75), in all the studies of the 
effect of static loads, the loads were held constant for a 
period of 5 minutes after application before deformation 
measurements were made. The measured strains were 
therefore larger than would be caused by the momen- 
tary application of loads of the same magnitude. 

However, even if significant differences are eventually 
found to exist between static and impact stresses in a 
pavement slab, there are no means for evaluating them 
at this time and therefore the assumption must be 
made that impact forces create the same stresses as 
static forces of the same magnitude. It appears that 
this is a safe practice and one which may introduce some 
factor of safety that at present is unknown. 

Mathematical analysis of stress —In 1919 Goldbeck 
(20) suggested approximate formulas for computing 
the stresses in concrete pavement slabs under certain 
assumed conditions of loading and subgrade support. 
Among these approximate formulas is one which has 
since become generally known as the “corner formula’. 
This be expressed in the form 

aie 
Oo Fg - ~~~ ----------------------------- (1) 

maximum tensile stress, in pounds per square 
inch, in a diagonal direction in the top of 
the slab near a rectangular corner; 

P=load, in pounds, applied at a point at the 
corner; 

h=depth of slab i in inches. 
This simple formula is derived on the assumption 

that the load is applied at a point at the extreme corner 
of the slab; that the corner receives no support from 
the subgrade and acts as a simple cantilever; and that 
the fiber stresses in the slab are uniform on any section 
at right angles to a line bisecting the corner angle. 

Some years later, in the analysis of the data from the 
Bates Road tests (21), it was found that there was a 
reasonably good agreement between the wheel loads 
that caused corner failure and loads computed by the 
corner formula. However, it is now quite definitely 
known that the corner formula gives stresses consider- 
ably higher than the actual stresses in pavement slabs, 
even under extreme conditions of warping. ‘The agree- 
ment between computed loads and measured loads in 
the Bates Road report may be explained by the fact 
that the latter were static wheel loads while the loads 
that actually caused corner failures were the impact 
reactions due to these wheel loads. In view of the 
fact that the truck wheels were equipped with solid 
rubber tires, the impact loads were undoubtedly con- 
siderably higher than the static wheel loads. 

In 1925 the analysis by Westergaard (2) made avail- 
able for the first time a logical and scientific basis for 
evaluating the stresses in concrete pavements. ‘This 
analysis concerns itself with the determination of maxi- 

where o,= 

3'The term ‘Arlington tests’ will be used to designate the investigation of concrete 
pavernent design made by the Bureau of Public Roads at the Arlington Experiment 
Farm and described in reports listed in the bibliography (14, 16, 17, 18, 19). 

mum stresses in slabs of uniform thickness resulting 
from the following three conditions of loading: 

1. Load applied close to the rectangular corner of a 
large slab. 

2. Load applied in the interior of a large slab at a 
considerable distance from the edges. 

3. Load applied at the edge of the slab at a consider- 
able distance from any corner. 

WESTERGAARD EQUATIONS GIVEN 

The anlysis involves the following important assump- 
tions: 

1. That the concrete slab acts as a homogeneous, 
isotropic, elastic solid in equilibrium. 

2. That the reactions of the subgrade are vertical 
only and that they are proportional to the deflections 
of the slab. 

3. That the reaction of the subgrade per unit of area 
at any given point is equal to a constant, k, multiplied 
by the deflection at that pomt. The constant, k, is 
termed the “modulus of subgrade reaction” or ‘“‘sub- 
grade modulus” and is assumed to be constant at each 
point, independent of the deflections, and to be the same 
at all points within the area under consideration. 

4. That the thickness of the slab is uniform. 
5. That the load at the interior and at the corner of 

the slab are distributed uniformly over a circular area 
of contact. For the corner loading, the circumference 
of this circular area is tangent to the edges of the slab. 

6. That the load at the edge of the slab is distributed 
uniformly over a semicircular area of contact, the center 
of the circle being on the edge of the slab. 

For the three positions of load, the analysis results in 
equations which may be expressed as follows: 

ie 12 ie Ve ~ 
=") E ( ie ) (ay2)"* | ------ (2) 

hy 3 

Th )--2-neee ene (3) 

o.=0.529(1-+0.54y) 7 jo lo Thi) 0.71 | (4) 

in which 
P=load, in pounds; 
o,—=maximum tensile stress in pounds per square 

inch at the top of the slab, in a direction 
parallel to the bisector of the corner angle, 
due to a load P at the corner; 

o;—Maximum tensile stress in pounds per square 
inch at the bottom of the slab directly 
under the load P, when P is at a point in 
the interior of the slab at a considerable 
distance from the edges; 

o,—maximum tensile stress in pounds per square 
inch at the bottom of the slab directly 
under the load P at the edge, and in a 
direction parallel to the edge; 

aj thickness of the concrete slab, in inches; 
= Poisson’s ratio for concrete; 
ae modulus of elasticity of the concrete, in 

pounds per square inch; 
k=subgrade modulus, in pounds per cubic inch; 
a—radius of area of load contact, in inches. 

The area is circular in the case of corner 
and interior loads and semicircular for 
edge loads; 

b=radius of equivalent distribution of pressure 

o,=0.275(1 dpe logio 
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b=-+/1.6a?-+-h?—0.675h when a<1.724h____- (5) 

b=a when a >1.724h 

Values of 6 for various values of a and h are 
given in table 2. 

Value of Poisson’s ratio.—If{ an isotropic, elastic 
material is subjected to stress in one direction a unit 
deformation is produced in the direction of the force 
and, in addition, a smaller deformation is produced tn 
the direction perpendicular to the force. The relation 
between these two deformations, expressed as the ratio 
of the smaller to the larger, is known as Poisson’s ratio. 
It appears in the Westergaard equations and therefore 
a value must be assigned to it. 

The results of several investigations to determine the 
magnitude of Poisson’s ratio are available (22, 23, 24). 
The general conclusion from these investigations is that 
there is no definite relationship between the strength 
of concrete.and Poisson’s ratio. With respect to other 
variables, such as age, the trends are not very definite 
and the conclusions reached by different investigators 
are not always in agreement. It is apparent that 
Poisson’s ratio for a given concrete cannot be foretold 
and that for purposes of design it is necessary to select 
some reasonable and safe value. 

TABLE 2.—Values of b for various values of a and h, computed by 

equation 6 

Values of b in inches for different values of h in inches 

matioah. ip = ame 

R=25 | eh=be| eh One vit ev — sae Olm eb OMe —— liane 

Inches | Inches \Inches |Inches \Inches | Inches | Inches | Inches | Inches 
1.30 1. 63 1.95 2. 28 2. 60 2.93 Bao 3. 58 3.90 
ios 1. 66 2.00 2.33 2. 66 3. 00 8.08: 3. 66 4.00 
1. 48 1.78 2.14 2. 50 2.85 CH 3. 57 3. 92 4.28 
1. 58 1.97 Det 2. 76 BLO 3. 55 3.95 4.34 4,73 
1.78 2.23 2. 67 3,12 BNOt 4.01 4. 46 4.90 5. 35 

2.03 2. 54 3.05 3. 56 4.07 4.57 5. 08 5.59 6. 10 
2.32 2. 90 8.48 4.06 4. 64 §. 22 5. 80 6. 38 6. 96 
2. 64 3. 30 3. 96 4. 62 5. 29 5.95 6. 61 PAE 7.93 
2.99 | ,3.74 4.49 6. 23 5.98 6. 73 7.48 8. 22 8.97 
3. 36 4, 20 5. 04 5. 88 6. 72 7. 56 8. 40 9, 24 10. 08 

3. 75 4.69 5.62 6. 56 7.50 8. 44 9.37 | 10.31 10 25 
4.15 5.19 6. 23 Tpit 8.31 9.35'} 10.38 | 11.42 12, 46 
4.57 5. 71 6. 86 8. 00 92149) LON238 he 11543) 12057, 137 
5. 00 6. 25 7. 50 8.75 | 10.00) | 11.25 | 12.50. || 13: 75 14, 99 
5. 43 6. 79 8.15 9.51 | 10.87 | 12.23 | 18.89 | 14.95 16. 80 

5. 88 hoe SA82 0 LOL29 1S 76) ||) 13528 4s TOs Le 17. 64 
6. 38 7.91 9.49 | 11.08 | 12.66 | 14.24 | 15.82 | 17.41 18. 99 
6.79 8.48 | 10.18 | 11.88 | 13.57 | 15.27 | 16.97 | 18.66 20. 36 
6. 90 8.62 | 10.34 |) 12.07 | 13°79) | 15.52) 17.24 | 18:96 20. 69 

1 When a/h is greater than 1.724, b=a 

The digest by Richart and Roy (22) shows values of 
Poisson’s ratio, obtained by several investigators and 
involving a number of variables, ranging from 0.08 to 
0.28. Koenitzer (24) reports about 250 values for a 
range of conditions, of which the minimum is 0.08, the 
maximum is 0.40, and the average is 0.18. Approxi- 
mately 20 percent of the values reported by Koenitzer 
do not exceed 0.15, 78 percent do not exceed 0.20 and 
95 percent do not exceed 0.25. 

If it be assumed, on the basis of these data, that a 
range of Poisson’s ratio to be reasonably expected is 
from 0.10 to 0.20 and an average figure of 0.15 is 
assumed for design purposes, then the maximum error 
in computed stresses within this range will be plus or 
minus 4.3 percent for interior stresses and plus or minus 
2.5 percent for edge stresses. The effect of Poisson’s 
ratio on corner stresses is negligible. Even if Poisson’s 
ratio happens to have the rather high value of 0.25 the 
error involved in assuming it equal to 0.15 will be only 
8.7 percent for interior stresses and 5 percent for edge 

stresses, the effect on corner stresses still being negli- 
gible. It appears, therefore, that the general practice, 
first suggested by Westergaard, of assuming for the 
purpose of pavement design that Poisson’s ratio is equal 
to 0.15, is an entirely reasonable one, and that value will 
be used hereafter in this paper. 

In addition to the quantities that appear directly in 
the three stress equations, there is the radius of rela- 
tive stiffness, 1, which is defined by the equation 

4 Sia 

l= Vio So 285 gee eee ee (6) 

Values of / for various values of H, h, and k are 
given in table 38. 

Westergaard has expressed equation 2 in terms of 
1, as follows: 

Corner loading 

i mee) | Me SS (7) 
and Bradbury (9) has shown that, when »=0.15, equa- 
tions 3 and 4 may be expressed in the form: 

Interior loading 

o1=0.31625 75 4 logo (;,)+1.0603 | (8) 

Edge loading 

.=0.57185 7 4 logo (;)+0.3698 |. (9) 

NEW FORMULA FOR CORNER STRESSES IN AGREEMENT WITH TEST 
RESULTS 

Modified equations for corner loading.—If, in equa- 
tion 2, for corner loading, the radius of contact area, a, 
is assumed equal to zero then the influence of the sub- 
gerade modulus, k, and the modulus of elasticity, E, 
are eliminated and the equation reduces to the corner 
formula 

oye 
De or are a eae pe ae (1) 

TABLE 3.—Radius of relative stiffness, 1, computed by equation 6 
it) lie 

Sub- | Rad‘us of relative stiffness, 7, in inches for different values 
Modulus of ale of h, in inches 
elasticity of et ay ae Neer 
concrete ists 

! h=4 | h=5 | h=6 | h=7 | h=8 | h=9 |h=10| h=11) h=12 

Db. per 
ABU NAPE IOE CIS TRA IA, NOI GOn ae Wap i IGS A ERE Teo |) Mie 

50 | 23.9 | 28.3 | 32.4 | 36.4 | 40.2 | 43.9 | 47.6 | 51.1 54. 5 
100 | 20.1 | 23.8 | 27.3 | 30.6 | 33.8 | 37.0 | 40.0 | 43.0 45.9 

3,000,000 150 | 18.2 | 21.5 | 24.6 | 27.7 | 30.6 | 33.4 | 36.1 | 38.8] 41.4 
ead ete ese aso as 200 | 16.9 | 20.0 | 22.9 | 25.7 | 28.4 | 31.1 | 33.6 | 36.1 38. 6 

300 | 15.3 | 18.1 | 20.7 | 28.3 | 25.7 | 28.1 | 30.4 | 32.6 34.8 
400 | 14.2 | 16.8 | 19.3 | 21.6 | 23.9 | 26.1 | 28.3 | 30.4 32. 4 

50 | 25.7 | 30.4 | 34.8 | 39.1 | 48.2 | 47.2 | 51.1 | 54.9 58. 6 
100 | 21.6 | 25.6 | 29.3 | 32.9 | 36.4 | 39.7 | 43.0 | 46.2 49,3 

4,000,000 150 | 19.5 | 23.1 | 26.5 | 29.7 | 32.8 | 35.9 | 38.8 | 41.7] 44.5 
I vig) cua nike aa 200 | 18.2 | 21.5 | 24.6 | 27.7 | 30.6 | 33.4 | 36.1) 38.8] 41.4 

300 | 16.4 | 19.4 | 22.3 | 25.0 | 27.6 | 380.2 | 32,7 | 35.1 37.4 
400 | 15.3 | 18.1 | 20.7 | 28.3 | 25.7 | 28.1 | 30.4 | 32.6] 348 

50 | 27.2 | 32.1 | 36.8 | 41.4 | 45.7 | 49.9 | 54.0 | 58.0] 62.0 
100 | 22.9 | 27.0 | 31.0 | 34.8 | 38.4 | 42.0 | 45.4 | 48.8 62.1 

5,000,000 150 | 20.7 | 24.4 | 28.0 | 31.4 | 34.7 | 37.9 | 41.1 | 44.1 47.1 
erie ee 200 | 19.2 | 22.7 | 26.0 | 29.2 | 32.3 | 35.3 | 38.2] 41.0 | 43.8 

300 | 17.4 | 20.5 | 23.5 | 26.4 | 29.2 | 31.9 | 34.5 | 37.1 39.6 
400 | 16.2 | 19.1 | 21.9 | 24.6 | 27.2 | 29.7 | 32.1 | 34.5 36. 8 

50 | 28.4 | 33.6 | 38.6 | 43.3 | 47.8 | 52.3 | 56.6 | 60.7 64.8 
100 | 23.9 | 28.3 | 32.4 | 36.4 | 40.2 | 438.9 | 47.6 | 51.1 54.5 

6,000,000 150 | 21.6 | 25.6 | 29.3 | 32.9 | 36.4 | 39.7 | 43.0 | 46.2] 49.3 
std A fll ee is 200 | 20.1 | 23.8 | 27.3 | 30.6 | 33.8 | 37.0 | 40.0 | 48.0] 45.9 

300 | 18.2 | 21.5 | 24.6 | 27.7 | 30.6 | 33.4 | 36.1 | 38.8 | 41.4 
400 | 16.9 | 20.0 | 22.9 | 25.7 | 28.4} 31.1 | 33.6 | 36.1 38. 6 

_ The derivation of the corner formula (equation 1), 
involves two assumptions, of which one is manifestly 
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incorrect and the other is very questionable. When the 
radius of contact area is zero the load is assumed to be 
concentrated at a point at the extreme corner of the slab. 
This is an impossible condition since a rubber-tired 
wheel distributes its load over an area of contact of 
appreciable size. The second assumption is, in effect, 
that when a load is applied to the corner of a slab which 
is warped upward the effect of subgrade support is 
completely eliminated. The combination of these two 
assumptions results in computed stresses that are much 
higher than have been observed in carefully conducted 
tests. 
When the corner of the slab is warped upward there 

ey be a complete lack of subgrade support immedi- 
ately beneath the corner and to this extent the original 
Westergaard analysis (equations 2 or 7), which involves 
the assumption of uniform subgrade support, is incor- 
rect. Westergaard has recognized this and has. sug- 
gested a modification of the analysis which takes account 
of this condition (25). This modification involves 
assumptions as to the reduction in subgrade support 
which cannot be readily evaluated at the present time. 
However, it does recognize the fact, which is corrobor- 
ated by test data, that while there may be no contact 
between slab and subgrade immediately beneath a 
corner load, nevertheless the subgrade support in the 
vicinity of the corner is effective in reducing the maxi- 
mum stress by a considerable percentage below that 
computed by the corner formula. 

In a somewhat limited but carefully conducted series 
of tests on large slabs under laboratory conditions, 
Spangler and Lightburn (26, 27) observed corner 
stresses: appreciably greater than those computed by 
the Westergaard equation. 

As a result of these observations Bradbury (9) has 
suggested the modified equation 

Oa mee a 
In effect this equation represents the assumption 

that the subgrade modulus in the vicinity of the corner 
is only one-fourth of the modulus that is effective 
under the other portions of the slab. 

In the Arlington tests (19), in which the slabs were 
exposed to normal weather conditions, it has been 
found that in the daytime, when the corner is warped 
downward and has contact with the subgrade, there is 

very good agreement between observed stresses and 
those computed by the Westergaard formula (equation 
7). However, at night, when the corner is warped 
upward, the observed stresses, while lower than those 
given by the corner formula, are much higher than those 
computed either by the Westergaard equation or by 
Bradbury’s formula (equation 10). 

Westergaard has shown that for the conditions 
assumed in his analysis the maximum corner stress 

occurs at a distance from the corner, measured along 

the diagonal bisector of the corner angle, equal to X, 
where he 

1= 24/2 af al 

In the Arlington tests it has been found that when 
the slab is warped upward the maximum stress occurs 
at a distance from the corner several inches greater than 
the computed value of X;. It has also been found that 
observed stresses are in good agreement with stresses 
computed by the equation 

ee a 

It will be observed that this equation has the same 
general form as the Westergaard formula (equation 7) 
and Bradbury’s formula (equation 10). However, it 
is purely empirical and has no theoretical background. 
Its only virtue is its algebraic simplicity and the fact 
that 1t gives results that are in reasonably good agree- 
ment with a considerable number of tests on pavement 
slabs exposed to normal fluctuations of temperature 
and moisture. Its use is suggested pending the time 
when more exact information may be available. 
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FicurE 1.—CoMPARISON OF CORNER STRESSES COMPUTED BY 
Various EQUATIONS. 

A comparison of the results given by equations 1, 7, 
10, and 11 is shown in figure 1. For the range of con- 
ditions assumed, the corner stresses computed by 
Westergaard’s formula (equation 7) are exceeded by 
those computed by Bradbury’s formula (equation 10) 
by 7 to 20 percent, by those computed by equation 11 
by 27 to 51 percent, and by those computed by the 
corner formula, equation 1, by 38 to 104 percent. 

MODIFIED EQUATIONS FOR INTERIOR AND EDGE LOADING GIVEN 

Modified equations for interior loading.—Early in the 
Arlington tests it was found that the observed stresses 
due to loads in the interior of the slab were not as great 
as those computed by equation 3 and as a result Wester- 
gaard modified his original analysis (28). The modified 
equation for stress due to interior loading is 

3 1\2 

in which 

L=maximum value of the radius of the circular 
area, with center at the point of load ap- 
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plication, within which a redistribution 
of subgrade reactions is made; 

Z=ratio of reduction of the maximum deflection. 

Westergaard has stated that, under actual conditions, 
Z may be expected to vary between 0 and 0.39. When 
Z=0, equation 12 reduces to equation 3. He has also 
suggested as a reasonable assumption that Z=5l. It 
is immediately apparent that the values assigned to 
Z and L and the relation of these values to each other 
have a major effect on the computed stresses. More- 
over, reasonably exact values can be developed only 
from the data obtained in tests of large slabs. 

As an approximation Bradbury (9) has suggested 
that an average value of Z=0.20 be assumed and this, 
and the further assumption that L=5l and w=0.15, 
leads to the equation: 

r= 0.316257.) 4 logio (;,)+0.0830 | -_. (13) 

For the conditions which obtained in the Arlington 
tests, values of L=1.751 and Z=0.05 were quite well 
established and these values, with »=0.15, lead to the 
equation 

oi= 0.316254, 4 logy (;)+0.1788 |... (14) 
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FIGURE 2.—CoMPARISON OF INTERIOR STRESSES COMPUTED BY 
VaRIous EQUATIONS. ; 

A comparison of the results given by equations 8, 13, 
and 14, is shown in figure 2. For the range of conditions 
assumed, the interior stresses computed by equation 
14 are from 72 to 82 percent, and those computed by 
equation 13 are from 86 to 91 percent, of those com- 
puted by Westergaard’s original formula (equation 8). 

The reduction of interior stresses, as expressed by 
equation 12, is dependent on the characteristics of the 
subgrade and the slab and the complex reaction between 
them. Equation 14 is representative of what may be 
expected under the conditions obtaining in the Arling- 
ton tests but these were concerned with only one type 
of subgrade and one class of concrete. In view of this 
it is believed that equation 14, with its rather large 
stress reductions, is not suitable for general use as 
representative of average conditions. In the light of 
present knowledge it will be conservative, and not 
uneconomical, to continue to use the results given by 
the original Westergaard analysis, equation 8. 

Modified equation for edge loading.—In the Arlington 
tests it has been found that for what may be considered 
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FicgurE 3.—CoMPARISON OF EDGE STRESSES 
Equations 9 AND 15. 

as average values of a, the radius of contact area, there 
is good agreement between observed edge stresses and 
those computed by Westergaard’s formula (equation 9) 
when the slab is in an unwarped condition. For 
smaller values of a the observed stresses are somewhat 
less than the theoretical stresses and for larger values 
of a the observed stresses are somewhat greater than 
the theoretical stresses. However, the differences are 
not great and no serious errors will result from the use of 
equation 9 for the computation of edge stresses in a 
slab which is not warped. The same equation is also 
applicable when the edges of the slab are warped down- 
ward during the daytime, although in this case the 
computed stresses may generally be expected to be 
slightly less than the actual stresses. 
When the edges of the slab are warped upward at 

night the observed load stresses exceed the theoretical 
stresses, as In the case of corner loading although not to 
the same extent. It has been found that the observed 
stresses under the conditions of nighttime warping 
are in reasonably good agreement with the empirical 
equation 

Jes eet l 7.=0.5718545| 4 login G lost hi | eee 

A comparison of the results given by equations 9 and 
15 is shown in figure 3. For the range of conditions 
assumed, the edge stresses computed by equation 15 
exceed those computed by equation 9 by 6 to 17 percent. 

SIMPLIFIED METHOD OF COMPUTING STRESSES PRESENTED 

(15) 

Simplification of Stress Computations.—The equations 
of Westergaard and the modified equations that have 
been discussed are simple algebraic expressions but 
their solution requires a considerable amount of tedious 
labor. However, Bradbury (9) has suggested a simpli- 
fied method of computation which reduces the determi- 
nation of stress by means of these equations to a simple 
slide-rule operation. 

He has pointed out that all the equations have the 
general form, 

OMe 
OF ore. 2 Seo ee eee ee eee 

h? 

in which Cis a quantity that may be termed a stress 
coefficient. The coefficients C; and C,, for interior and 
edge stresses, respectively, are fixed by the ratio 1/b; 
while the coefficient C, for corner stresses 1s fixed by 
the ratio a/l. 
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Values of stress coefficients are given in tables 4, 5, 6, 
and 7. ‘Table 4 gives the coefficients for corner loading 
by the Westergaard equation 7. ‘Table 5 gives coeffi- 
cients for corner loading by the modified equation 11. 
Table 6 gives coefficients for interior loading by equa- 
tion 8. Coefficients for interior loading by equation 13 
may be obtained by subtracting 0.138, and those corre- 
sponding to equation 14 by subtracting 0.282, from the 
values given in table 6. ‘Table 7 gives the coefficients 
for edge loading by equation 9. Table 8 gives a cor- 
rection factor to be added algebraically to the coeffi- 
cients of table 7 to obtain the stress coefficients corre- 
sponding to equation 15. 

TABLE 4.—Stress coefficients, C., for corner loading, computed by 
equation 7 (Westergaard), u=0.15 

degree of precision, the values to be assigned to several 
of the variables which appear in the stress equations. 
Therefore it is necessary, both when the design is for 
a particular project and when it is a general design to 
be used on a number of projects, to assign reasonable 
and rather conservative values to these variables. In 
order to do this it is necessary to have some knowledge 
of their relative effects on computed stressses. 

It is apparent from the equations that the computed 
stress varies directly with the magnitude of the wheel 
load. The effect of variations in Poisson’s ratio has 
already been discussed. 

TABLE 6.—Stress coefficients, C;, for interior loading,! computed 
by equation 8, u=0.15 

Ratio a/l Ce Ratio a/l Ce Ratio a/l Ce 
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TABLE 5.—Stress coefficients, C., for corner loading, computed by 
equation 11 (Bureau of Public Roads) p=0.15 

Ratio a/l Ce Ratio a/l (Ge Ratio a/! Ga 
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The procedure to be followed in using these tables is 

Ratio 1/b Ci Ratio 1/b C; Ratio 1/6 C; 
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1 For values of C; corresponding to equation 13, subtract 0.138 from the values given 
in this table. 

For values of C; corresponding to equation 14, subtract 0.282 from the values given 
in this table. 

very simple. By means of the ratio a/h, bis determined, 
by interpolation if necessary, from table 2, and / is 
obtained from table 3. Then the ratios a/l and 1/b are 
computed. Using the ratio a/l, the coefficient C, is 
obtained from table 4 or table 5. Using the ratio 1/6, 
the coefficient CO; is obtained from table 6 and the 
coefficient C, from table 7. To obtain the stress coeffi- 
cient, C’,, corresponding to equation 15, the correc- 
tion factor K, corresponding to the value of a/h is 
obtained from table 8 and is added algebraically to the 
value of C, obtained from table 7. 

Effect of variables on computed stresses.—For a specific 
pavement design to be used in a specific location it is 
not possible at present to predetermine, with any 
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CONSERVATIVE VALUE OF SUBGRADE MODULUS RECOMMENDED 

Effect of variations in subgrade modulus, k—It has 
been stated repeatedly in the literature that variations 
in the modulus of subgrade reaction have a minor effect 
on the computed stresses. The accuracy of this state- 
ment appears to depend on the range of conditions that 
are under consideration and the degree of error in com- 
puted stresses that can be tolerated. 

Figure 4 shows the effect of variations in subgrade 
modulus between 50 and 300 pounds per cubic inch on 
stresses computed for interior, corner, and edge load- 
ings for a reasonable range in values of a, the radius of 
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FIGURE 4.—EFFECT ON CoMPUTED STRESSES OF VARIATIONS IN SuBGRADE Mopuuwvs, k. 

TABLE 7.—<Stress coefficients, C., for edge loading, computed by 
equation 9, w=0.16 

Ratio l/b Ce. Ratio 1/b C. Ratio 1/b Ce 
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contact area, and h, the depth of the slab. All stresses 
are expressed as percentages of the stresses computed for 
k—=100. The curves that are continuous from k=50 to 
k—300 are for stresses computed with the modulus of 
elasticity, Z’, equal to 5,000,000 pounds per square inch. 

TABLE 8.— Values of correction factor,! K. 

Values of K, for different values of h in inches 

Ratio a/h —-— _ 

h=4 h=5 h=6 h=7 | h=8 | h=9 | h=10|h=11)) h=12 

Ov saan eee —0. 140 |—0.085 |—0.040 |—0. 001 |0. 032 |0. 062 |0. 087 |0.111 | 0.133 
O} Pode he we tes —.184 | —.079 | —. 034 005 } .038 | .067 | .093 | < 117 . 139 
OSD ae eee —.117 | —.062 | —.017 . 022 | .055 | .084 | .110 | . 134 . 156 
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OA ee Sane hee —. 062 | —. 006 . 089 077 | .110 12.140 | 7166) 5189 ae 
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O: Suet ees Se . 067 +122 . 167 . 206 | .239 | . 268 | . 294 | .318 . 339 

i - 096 . 151 . 196 230 | .268 | .297 | . 323 | .347 . 368 

. 123 . 178 . 223 . 262 | .295 | .324 | .350 | .3874 |] .396 

. 148 . 204 . 249 . 287 | .320 | .350 | .376 | .3899 | .421 

.172 . 227 . 273 dll | .344 | .373 | .400 | .423 | . 445 

. 194 . 250 . 295 . 333 | .366 | .396 | .422 | .445 | .467 
215 . 270 . 316 . 354 | .387 | .416 | .443 | .466 | . 488 

. 234 . 290 . 335 .378 | .407 | .4386 | .462 | .486 | . 507 
. 253 . 808 . 853 . 892 | .425 | .454 | .480 | .504 | . 526 
. 270 . 826 371 -409 | .442 | .471 | .498 | . 521 . 543 
. 274 . 330 . 375 413 | .446 | .475 | .502 | .525 | . 547 

1 To be added algebraically to the edge Coefficient, C., obtained from table 7, to 
obtain the edge coefficient, C’.’, coreepone to equation 1510. 

* When a/h is greater than 1.724, b=a and A,.=0.57185 (log 10 a—0.3593). 

The curves that are only partially complete are for 
stresses based on a value of # equal to 3,000,000 pounds 
per squareinch. The upper portions of these curves are 
omitted since they so nearly coincide with the upper 
portions of the curves for H=5,000,000 that their in- 
clusion would detract from the clarity of the charts. 

It is evident from these curves that the value of £ 
has no significant influence on the relation between 
subgrade modulus and stress when, as in this case, 
stresses are expressed as percentages of a basic stress 
which is different for each curve. Therefore, the sub- 
sequent discussion of the effect on stress of variations 
in the subgrade modulus will be confined to the curves 
for H=5,000,000. 

It will be observed in the second chart from the left 
in figure 4 that the two curves, one for the minimum 
value of a in combination with the maximum value of 
h, and the other for the maximum value of a in combi- 
nation with the minimum value of h, form an envelope 
for the curves for all intermediate values of a and h. 
In order to clarify the presentation, only these envelope 
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curves are shown in the other charts of this and suc- 
ceeding figures of similar character. 

Before discussing figure 4 it will be well to examine 
the available data regarding observed values of the 
subgrade modulus. Unfortunately, these data are 
very meager. It is not known if a value of 50 pounds 
per cubic inch is the minimum that may be expected 
but there is reason to believe that the maximum may 
exceed 300 pounds per cubic inch, at least in some cases. 
Therefore the range that may be encountered in prac- 
tice is not known. 

In corner-loading tests and working with what may 
be termed synthetic subgrades, that is, earth subgrades 
consolidated in the laboratory by tamping, Spangler 
(26) observed in one very stiff clay subgrade (probably 
very dry) a subgrade modulus of the order of 1,000 
pounds per cubic inch. In another test, with a sub- 
grade of more normal characteristics, he observed that 
the apparent subgrade modulus was reduced by re- 
peated corner loading from about 275 to about 40 
pounds per cubic inch. 

In still another corner-loading test Spangler and 
Lightburn (27) found that the subgrade modulus was 
constant at a given point in the slab but varied with the 
distance of the point from the corner, being about 300 
pounds per cubic inch at the corner and about 75 
pounds per cubic inch at distances of 4.5 feet from the 
corner. They concluded, however, that the assump- 
tion of a uniform value of the subgrade modulus ap- 
pears to be justifiable for analytical solutions since 
stresses computed with a modulus equal to about the 
average of the two extreme values were in good agree- 
ment with observed stresses. 

In considering the values of subgrade modulus ob- 
tained in the tests by Spangler and Lightburn it is well 
to remember that the subgrades with which they 
worked were protected from the weather and were not 
exposed to natural fluctuations of moisture. 

In the Arlington tests the pavement slabs were ex- 
posed to the weather but it is necessary to bear in mind 
that only one subgrade was involved. In these tests 
the values of the subgrade modulus observed under 
normal conditions of subgrade support varied from 
about 170 to about 280 pounds per cubic inch. 

These meager data indicate that the subgrade modu- 
lus may vary over a rather wide range, the limits of 
which are unknown; that its value may be affected by 
repeated loading of the slab; and that, at the same loca- 
tion, it is likely to be different at different times. The 
development of additional data is hampered by the 
present lack of any simple method of making the re- 
quired tests over the wide range of conditions that 
merit study. The situation makes it highly desirable 
to be conservative in the selection of values of the 
modulus for use in stress computations. 

Examination of figure 4 shows that variations in sub- 
erade modulus have little effect on stresses computed 
by the modified equation for corner loading, equation 
11, for small values of @ and large values of h. The 
effect of variations in the modulus on interior, corner, 
and edge stresses computed by the Westergaard equa- 
tions, on edge stresses computed by equation 15, and 
on corner stresses by equation 11 for large values of a 
and small values of h, is very similar. 

On the assumption that a range in subgrade modulus 
from 50 to 300 pounds per cubic inch can reasonably be 
expected in practice, figure 4 shows that stresses com- 
puted on the basis of k=300, may be too low by as 

much as 25 percent if the modulus happens to have a 
value of 50. On the other hand, stresses computed on 
the assumption that k==100 will be too low by less than 
10 percent if & happens to equal 50. 

In view of all the uncertainties, a value of the sub- 
grade modulus equal to 100 pounds per cubic inch is 
suggested as a reasonable figure for general use, pending 
the development of more exact information than is now 
available. 

VALUE OF E=5 MILLION POUNDS PER SQUARE INCH SUGGESTED 

FOR GENERAL USE 

Effect of variations in modulus of elasticity of concrete.— 
In contrast to the lack of data concerning the sub- 
gerade modulus, there is a wealth of information with 
respect to the modulus of elasticity of concrete. Nu- 
merous investigations have demonstrated that, in gen- 
eral, the modulus of elasticity increases with age, with 
increase in strength of the concrete, and with increase in 
temperature; that it may be higher in wet concrete 
than in dry; and that it is influenced by the character of 
the aggregate. 

Thirty-five reports on the subject, published during 
the period 1928 to 1938, inclusive, and involving many 
variables such as type of aggregate, type of cement, 
water-cement ratio, and age, give values of the modulus 
of elasticity ranging from about 1,000,000 to 7,000,000 
pounds per square inch for concrete ranging In com- 
pressive strength from about 1,000 to 7,000 pounds per 
square inch. For nearly all of the specimens involved 
in these investigations the ratio of the modulus of 
elasticity to the compressive strength falls between the 
values of 650 and 1,500 and a fair average value of this 
ratio for all the specimens is 1,000. This is in agree- 
ment with the building regulations of the American 
Concrete Institute (29) which recommend that for 
design purposes the modulus of elasticity of concrete 
be taken as 1,000 times its compressive strength. 

For concrete of the character generally used in pave- 
ment construction a range in the value of the modulus 
of elasticity from 3,000,000 to 6,000,000 pounds per 
square inch may reasonably be expected. Within this 
range it is believed that the tendency will be for the 
values to be high rather than low and the use of rela- 
tively high values in design is on the side of safety. 
The concrete used in the Arlington tests, with flexural 
and compressive strengths at 28 days of 765 and 3,525 
pounds per square inch, respectively, is believed to be 
fairly representative of the average run of paving con- 
crete. The modulus of elasticity of this concrete, as 
determined by flexure tests of beams, was about 4,500,- 
000 pounds per square inch for air-dry beams and about 
5,500,000 pounds per square inch for beams in a moist 
condition. The same range in values was observed in 
tests on the pavement slabs themselves, the higher 
values being obtained in winter and the lower values 
in summer. 

Figure 5 shows the effect of variations in modulus of 
elasticity between 3,000,000 and 6,000,000 pounds per 
square inch on stresses computed for terior, corner, 
and edge loadings for the same range in values of a@ and 
h as in figure 4 and for values of k=100 and k=300. 
All stresses are expressed as percentages of the stresses 
computed for H=5,000,000. It may be concluded 
from these curves that variations in the modulus of 
elasticity between 3,000,000 and 6,000,000 pounds per 
square inch do not have a major influence on computed 
stresses and that the effect of these variations is not 
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greatly influenced by variations in the subgrade 
modulus. 

Since it is on the side of safety to use relatively high 
values of the modulus of elasticity and since it is be- 
lieved that it is representative of what may be expected 
in practice, the value of H=5,000,000 pounds per square 
inch is suggested for general use. . 

Variations in radius of contact area.—The radius of 
contact area, a, appears directly in the equations for 
corner loading and, through the radius, 6, indirectly in 
the equations for interior and edge loading. Its 
marked effect on computed stresses is not readily 
apparent except by some such means as the charts of 
figure 6. 

This figure shows the effect of variations in the radius 
of contact area between 3 and 9 inches on stresses 
computed for interior, corner and edge loadings for the 
same range in values of h as in figures 4 and 5 and for 
values of k=100 and k=300. It will be observed that 
an increase in the radius, a, from 3 to 9 inches may re- 
duce the computed stress by more than 40 percent. It 
will also be observed that variations in the value of a 
have less effect on corner stresses and edge stresses 
computed by equations 11 and 15 than on those com- 
puted by equations 7 and 9. 

Values of the radius of contact area.—Figure 7 shows 
the relation between static load and contact area for 
single and dual high-pressure and balloon tires. The 
curves are based on data developed by the Bureau of 

Public Roads in tests of single high-pressure and bal- 
loon tires, each in a range of sizes, subjected to static 
loads ranging from rated tire capacity to more than 
twice the rated capacity. The curves for single tires 
shown in figure 7 are closely representative of individual 
test results throughout the entire range of loadings, 
indicating that the relation between load and contact 
area is not appreciably affected by loads in excess of 
the rated tire capacity. 

The curves of figure 7 for dual tires were developed 
from the data for single tires by assuming the tires to 
be spaced in accordance with the recommendations of 
the Tire and Rim Association, and adding to twice the 
contact area of one tire the area between the two tire 
impressions. 

Figure 8 shows the relation between the wheel load 
and the radius of tire contact area. These curves were 
developed from those of figure 7 by assuming the tire 
contact area to be circular. The further assumption is 
made in connection with these data that they apply to 
both static and impact wheel loads. 

All the assumptions that have been mentioned, and 
the additional one that the load is uniformly distributed 
over the contact area, require discussion. 

ASSUMPTIONS REGARDING CONTACT AREAS OF TIRES DISCUSSED 

It is known that the distribution of load under a 
pneumatic tire is not uniform (30) and that the shape 
of the tire impression tends to be elliptical rather than 
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circular. Nevertheless, it is believed that the assump- 
tion of uniform loading over a circular area equivalent to 
the measured contact area will lead to no serious error. 

In computing the contact area for dual tires from the 
data for single tires, the area between the tire contacts 
is included. Since the area between the tire contacts 
actually receives no load, this procedure has been ques- 
tioned. No tests have been made to determine the 
correctness of the assumption but very limited analysis 
of certain data developed in the Arlington tests indicate 
that it is not wholly unreasonable. 

Unreported tests by the Bureau of Public Roads 
indicate that contact areas under impact and equivalent 
static loads are not greatly different for pneumatic tires 
of the high-pressure and balloon types. There are also 
data (31) indicating that the vertical deflections of 
solid and cushion tires are practically the same for the 
two types of load. While not conclusive, this informa- 
tion appears to justify the assumption that the curves 
of figure 8 are applicable to impact loads as well as to 
static loads. 
Much additional research work is necessary to prove 

or disprove the validity of the assumptions that have 
been discussed. In the absence of such investigations 
it is necessary to make some assumptions and it is 
believed that those suggested are reasonable. Also, 
in the absence of more information than is now availa- 
ble, it is believed that further refinement in the use of 
existing data is unwarranted. 

RADIUS OF EQUIVALENT CIRCULAR AREA 

OF TIRE CONTACT —INCHES 

eu) 
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Figure 8.—RELATION BETWEEN WHEEL Loap (STATIC OR 
Impact) AND Rapius or EQUIVALENT CIRCULAR AREA OF 
TrrE Contact. RaApII CORRESPOND TO Contact AREAS 
SHOWN IN FIGURE 7. 

Radius of contact area for edge loading.—The Wester- 
gaard analysis assumes that interior and corner loads 
are applied on circular bearing areas and that edge loads 
are applied on semicircular bearing areas. Therefore 
it is necessary to decide: (1) If the semicircle used for 
edge loading is to have the same area as the circle used 
for interior and corner loading, or (2) if the semicircle 
is to have the same radius as the circle. The first 
procedure involves the assumption of equal unit pres- 
sure on the circular and semicircular areas and the 
second involves the assumption that the unit pressure 
on the semicircular area is twice as great as on the 
circular area. 
When a wheel equipped with a single pneumatic tire 

moves along the edge of a pavement slab with depressed 
shoulders in such manner that only a part of the tire 
tread is in contact with the slab, the shape of the area 
of tire contact is undoubtedly changed but the effect 
onits areaisunknown. For this case either assumption 
as to radius of contact area might be justified. 

However, the situation is somewhat different with 
respect to the dual tires that are common equipment for 
the heavier wheel loads. It is not uncommon to see 
wheels with dual tires operated so close to the edge of 
the pavement that the entire wheel load is carried by 
the inside tire. In this case the tire load is doubled 
without a corresponding increase in contact area. For 
example, assuming an 8,000 pound static wheel load 
on dual high-pressure tires, table 1 shows that 11,800 
pounds is the total impact reaction for this wheel load, 
and figure 7 shows a corresponding contact area of 
approximately 194 square inches. Also from figure 7 
it is found that for this same load on a single tire the 
contact area is approximately 102 square inches. The 
corresponding unit pressures are about 61 and 116 
pounds per square inch respectively. In the same man- 
ner it may be shown that the same wheel load on dual 
balloon tires may be expected to develop unit pressures 
of approximately 49 pounds per square inch over the 
full area of contact and 88 pounds per square inch when 
the load is concentrated on one tire. 



le) foP) RUB LLCAROADS Vol. 20, No. 5 

INTERIOR LOADING (EQUATION 8) CORNER LOADING (EQUATION II ) EDGE LOADING (EQUATION 15 ) 
r 500 

+} 
-LOAD A 

dies scl 
LOAD B~ 

400 ->—S 

300 

oF : = =f 

UNIT STRESS - POUNDS PER SQUARE INCH 

7 

5 6 7 8 98 9 10 I 12 8 9 10 I l2 
THICKNESS OF SLAB —INCHES 

£ =5,000,000 LB. PER SQ.IN.-k =100LB. PER CU.IN.~ 2 =0.15 

LOAD A-8000-LB. STATIC WHEEL LOAD-OUAL HIGH-PRESSURE TIRES— IMPACT REACTION -11,800 LB, -@ =7.81N. 

LOAD B-9,000-LB. STATIC WHEEL LOAD-OUAL BALLOON TIRES—IMPACT REACTION-11,400 LB. - a=8.SIN. 

FicurE 9.—COMPARISON OF STRESSES DUE TO 8,000-PouUND 
Wueret Loap on Hiau-PressurE Tires AND 9,000-PounD 
WHEEL LoAaD ON BALLOON TIRRs. 

In view of these facts it is recommended that, when 
the design is based on dual-tire equipment, the ‘radius 
of area of contact for edge loadings be the same as for 
interior and corner loadings. Also, in view of the un- 
certainty regarding single tires, it is suggested that 
when the design is based on single-tire equipment, the 
area of contact for edge loadings be the same as for 
interior and corner loadings. If r is the radius of a 
circle then the radius of a semicircle of equivalent area 
equals r-+/2. 

Variations in thickness of slab, h.—The fact that the 
thickness of the slab, h, exerts a major influence on 
computed stresses is evident from the stress equations, 
Since an exponential value of h appears twice in each 
stress equation and, in the equations for interior and 
edge loading an exponential value of / is also involved in 
the derivation of the radius, b, the relation between slab 
thickness and computed stress is not a simple one. 

The relation between slab thickness and load stresses 
is shown graphically in figure 9 for two loads; one a 
static load of 8,000 pounds on a wheel equipped with 
dual high-pressure pneumatic tires, and the other a 
static load of 9,000 pounds on a wheel equipped with 
dual balloon tires. The impact reactions corresponding 
to these wheel loads are taken from table 1 and the 
corresponding radii of contact areas from figure 8. For 
the slab thicknesses ordinarily encountered in practice, 
the heavier wheel load on balloon tires gives stresses 
lower than those for the lighter wheel load on high- 
pressure tires by about 20 pounds per square inch. 
Here is justification for the requirement of the Uniform 
Vehicle Code (32) that the maximum wheel load on 
high-pressure tires be limited to 8,000 pounds and that 
on balloon tires to 9,000 pounds. It may also be noted 
that, for slabs of equal thickness, the stress due to corner 
loading i is only slightly in excess of that due to edge 
loading. 

EQUATIONS FOR COMPUTING TEMPERATURE WARPING STRESSES 
PRESENTED 

Warping stresses due to temperature differential.— 
Changes in the temperature of concrete produce corre- 
sponding changes in its volume. A rise in temperature 
causes expansion of the concrete and a drop in tempera- 
ture causes it to contract. 

The temperature of a concrete pavement is constantly 
changing owing to variations in air temperature and 
during these changes in air temperature, which take 
place at a relatively rapid rate, the temperature in the 
slab does not remain constant throughout its depth. 
During the heat of the day in summer the top of the 
slab is warmer than the bottom while at night the 

~ 

reverse may be true. This differential in temperature 
between the two surfaces of the slab causes it to warp 
or curl and, since free warping is prevented by the 
weight of the slab, bending stresses are developed. 
As early as 1926 Westergaard (33) presented a theo- 

retical analysis of warping stresses due to temperature 
but their importance has not been generally recognized, 
possibly owing to the fact that in his stress computa- 
tions he assumed a rather low value for the temperature 
differential. It remained for the Arlington tests (16) to 
demonstrate that these warping stresses may be as 
great as those produced by heavy wheel loads. 

Westergaard’s analysis covers slabs of infinite 
length and width, those of finite width and infinite 
lensth, and suggests a procedure to be followed in 
slabs having finite dimensions in both directions. On 
the basis of this analysis Bradbury (9) has developed 
general equations for the computation of temperature- 
warping stresses in the edge and interior of pavement 
slabs of the usual dimensions. 

The following equations are not in exactly the same 
form as Bradbury’s but they give identical results: 

Edge Stresses 

C, Ket 
Ore— A a ae ae (17) 

Interior Stresses 

oem ny( Stee uC, ‘) RAs Se eR 2 (18) 

yp (at. pC ae fo} 

in which 
Ore—= Maximum stress, in pounds per square inch, 

in the extreme fiber at the edge of the 
slab, in the direction of slab length. At 
the extreme edge the stress at right angles 
to the edge is zero; 

o, maximum stress, in pounds per square inch, 
in the extreme fiber at the interior of the 
slab, in the direction of slab length; 

y =maximum stress, in pounds per square inch, 
in the extreme fiber at the interior of the 
slab, in the direction of slab width; 

E =modulus of elasticity of concrete, in pounds 
per square inch; 

e=thermal coefficient of expansion and con- 
are of concrete per degree Fahren- 
eit; 

t=difference in temperature between top and 
bottom of slab, in degrees Fahrenheit; 

C, and C, are coefficients determined from the 
curve in figure 10. 

In figure 10: 
L,=length of slab in inches; 
L,=width of slab in inches; 
/=radius of relative stiffness in inches (equation 
6); 

z 
C, corresponds to the value of a: 

C, corresponds to the value of a 

The data in figure 10 are also given in table 9. 
The direction of slab warping is determined by the 

relation between the temperature in the top of the slab 
and that in the bottom and this in turn determines 
whether the resulting stress is a tensile stress in the top 
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bal T appreciably lower than the stresses that will occur at 
ie oh ats ve times in the pavement. 

og + a TABLE 10.—Summary of values of maximum positive temperature 
differentials observed in Arlington tests on 27 days between April 

08 8 and June 4, 19341 
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Fiagure 10.—CorrFrriciI—mENTts FOR WARPING STRESSES DUE TO 
TEMPERATURE. 

of the slab or a tensile stress in the bottom of the 
slab. Of course, in either case an equal compressive 
stress is created in the opposite surface. For con- 
venience the temperature differential will be considered 
positive when the top of the slab is at a higher tempera- 
ture than the bottom and negative when the top of the 
slab is at a lower temperature than the bottom. A 
positive differential creates tensile stress in the bottom 
of the slab and a negative differential creates tensile 
stress in the top of the slab. 

TABLE 9.—Coordinates of curve of figure 10 

| 

is or oe Cz or Cy he or +2 GoonGy ia or fe (62,8 (Oh; 

Nea eee. 0. 010 a0 ca see eee . 701 fest ho mean Sra 8 ced 1.069 
tee ay ts . 051 EGE ae Pe . 856 SALON et eae 1. 084 
PASO Ee he toe . 148 PRY Pee pa . 964 OOE Ss as 1.078 
“3% oe ee . 309 GiOO paseo oc es 1.000 HS bce 1, 052 
(MY SS ae . 508 HRY (fenh, tora 1. 032 

1 For values of fe or Ls greater than 11.31, the values of Cz and Cy are determined 

by a composite curve constructed as follows: 

Extend the curve plotted from the data in the above table from (4-11.21, Cz 

=1.052 ) toward (4r=144, C.=1.009 ) until it intersects a horizontal line drawn 

SL ess Cah through Ci=1.048. Cz or Cy, for all values of 7 ory to the right of this intersection 

is equal to 1.043. 

Value of temperature differential —The data developed 
in the Arlington tests (16) showed that the maximum 
temperature differential varies with the depth of the 
slab, being greater in thick slabs than in thin ones. 
The maximum positive differential occurs in the day- 
time and is greater in summer than in winter. The 
maximum negative differential occurs at night and is 
much the same in both winter and summer. The 
published data are summerized in tables 10 and 11. 

From these data Bradbury (9) concluded that, for 
purposes of design computations, the maximum positive 
temperature differential might be assumed as 3.0° F’ 
per inch of slab thickness and the maximum negative 
differential as 1.0° F. per inch of slab thickness. These 
appear to be reasonable figures for general use but it 
should be recognized that they are merely average 
figures and will result in computed stresses that may be 

6-inch slab 9-inch slab 

April to August, oe fe telaa April to August, 
inclusive eltisive inclusive 

Day | Night | Day | Night | Day | Night 

Oyae PDH SB, a a ou oF, 
IV AXIO ee os oe ee eee +24.3 —6.5 | +15.6 —6.7 | +31.0 —9.2 
AVE enicoybhanee Sos 2 ee, +18. 7 —4.5 +8. 2 —1.3 | +22.3 —5.7 
ALY OPAS C2 oe oe eae eee eee _-| +21. 2 —5.8 | +11.8 —4.1 | +26.9 —7.5 

| 

1 Data from table 1, PUBLIC ROADS, November 1925. 

FOR TEMPERATURE WARPING, INTERIOR STRESSES EXCEED EDGE 
STRESSES 

Value of the thermal coefficient of expansion.—The 
thermal coefficient of expansion and contraction of 
concrete depends on a number of factors, among which 
the character of the aggregate appears to be the most 
important. Data from a number of investigations 
indicate that in general the highest thermal coefficient 
will be found in concrete containing siliceous aggre- . 
gates and that considerably lower values may be ex- 
pected in concrete made with granite, limestone, or 
diabase aggregates. A summary of data given by 
various authorities (34) shows values of the thermal 
coefficient ranging from about 0.000004 to about 
0.000007 per degree Fahrenheit for concrete having a 
cement content comparable to that used in pavement 
construction. 

The concrete used in the Arlington tests, with a lime- 
stone coarse aggregate and a siliceous fine aggregate, 
had a coefficient of approximately 0.000005 per degree 
Fahrenheit and this value appears to be a satisfactory 
one for general use. However, when the circumstances 
are such as to make this possible, it will be well to select 
a value appropriate for the character of concrete that is 
under consideration. 

Computed warping stresses.—The Arlington tests were 
all made on slabs that varied in dimensions only in 
depth. Within these limitations the observed warping 
stresses due to temperature differential were in reason- 
ably good agreement with computed stresses. 

Stresses computed by the Bradbury equations are 
shown graphically in figure 11 for the interior, and in 
figure 12 for the edge, of slabs 10 feet wide and of vari- 
ous lengths, depths of 6 and 9 inches, and values of the 
ues modulus of 100 and 300 pounds per cubic 
inch. 
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Figure 11.—TEMPERATURE-WARPING STRESSES, INTERIOR OF 
SLAB. 

The most striking fact shown by these curves is the 
magnitude of the maximum temperature-warping 
stresses, which are of the order of 275 and 375 pounds 
per square inch, respectively, for the 6-inch and 9-inch 
slabs. Other interesting observations that may be 
made are enumerated as follows: 

1. A comparison of figures 11 and 12 shows that 
maximum edge stresses are always lower than maximum 
interior stresses but the difference is not great except 
in slabs having a length less than the width. (In this 
discussion the length of the slab is considered as the 
dimension in the direction of the longitudinal axis of 
the pavement even though it may be less than the 
width of the slab.) 

2. Increases in the length of the slab beyond about 
18 feet for the 6-inch slab, and about 24 feet for the 
9-inch slab, have no great influence on maximum edge 
or interior stresses. Below these limits, decreases in slab 
length result in rapid reduction in stress. 

3. In the interior of the slab, ¢,=o, when the slab is 
square. When the length exceeds the width, oc, is 
greater than co, and when the length is less than the 
width the reverse is true. Between the upper limits of 
slab length that have been mentioned and the point 
at which the length equals the width, reduction in 
siab length results in rapid reduction in maximum 
interior stresses. When the length is less than the 
width the critical warping stress is influenced primarily 
by the width and variations in length have little effect 
on its magnitude. In contrast to this, edge stresses 
decrease continuously with decreasing slab length. 

4. For the longer slabs the maximum stresses in the 
9-inch slab exceed those in the 6-inch slab by 40 to 50 
percent. However, for slab lengths less than about 
17 feet for k=100 and 13 feet for k=300, the stresses 
in the 6-inch slab exceed those in the 9-inch slab by as 
much as 50 pounds per square inch. 

5. Variations in the value of the subgrade modulus 
have no significant influence on the stresses in long 
slabs. However, for short slabs increases in the value 
of the subgrade modulus result in considerable increases 
in the computed stresses. Figures 11 and 12 show 
that the stresses in the 9-inch slab for k=300 may 
exceed those for k=100 by more than 100 pounds per 
square inch. The difference is somewhat less in the 
case of the 6-inch slab. 

This effect of subgrade modulus on temperature 
stresses is the reverse of its effect on stresses due to 

LENGTH OF SLAB—FEET 

Figure 12.—TEMPERATURE-WARPING STRESSES, EDGE OF SLAB. 

wheel loads where low values of the modulus give higher 
stresses than do high values. In the case of combined 
stresses due to load and temperature warping this 
reversal of influence tends to compensate somewhat for 
possible errors in computed stresses owing to the 
assumption of a subgrade modulus different from that 
which may actually exist. 

For example, assuming an 8,000-pound static wheel 
load on high-pressure dual tires, table 1 shows the total 
impact reaction to be 11,800 pounds and figure 8 gives 
a value of a equal to 7.8 inches. For p=0.15 and H= 
5,000,000, equation 8 gives interior stresses in a 6-inch 
slab of approximately 365 pounds per square inch for 
k=100 and 315 pounds per square inch for k=8300. 
From figure 11 the corresponding warping stresses in a 
slab 14 feet long are 200 and 265 pounds per square 
inch. The combined stresses due to load and tempera- 
ture are then 565 pounds per square inch for k=100 
and 580 pounds per square inch for k=300. 

Thus it appears that, for short slabs, variations in 
the subgrade modulus may be expected to have a minor 
influence on combined stresses. However, for slabs of 
the length commonly used in pavements, the effect of 
subgrade modulus on warping stresses is slight, with 
the result that it will have a noticeable effect on com- 
bined stresses. Therefore, the value of k=100 pounds 
per cubic inch appears to be a desirable figure for 
general use in the computation of combined stresses as 
well as for stresses due to wheel loads only. 

TEMPERATURE WARPING STRESSES CAUSE MUCH CRACKING OF 

CONCRETE PAVEMENTS 

Table 12 is presented to show the effect of width of 
pavement on transverse warping stresses. The figures 
indicate that the warping stresses in a slab 20 feet wide 
may exceed 300 pounds per square inch and may be 
more than twice as great as the stresses in a slab 10 
feet wide. Figures such as these show the reason for 
the use of longitudinal joints in concrete pavements, 
the necessity for which has been thoroughly demon- 
strated by practical experience. . 

It is evident from equations 17, 18, and 19 that the 
computed warping stress due to temperature differential 
varies directly with values of the modulus of elasticity, 
i, the thermal coefficient, e, and the temperature 
differential, t. The stress values shown in figures 11 
and 12 are based on assumed values of /, e and ¢ that 
may be considered as average rather than maximum. 
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The value of # may exceed 5,000,000 pounds per square 
inch, the value of e may exceed 0.000005 per degree 
Fahrenheit and, at times, the value of ¢ is very likely 
to exceed 3° F. per inch of slab thickness. In the 
Arlington tests (tables 10 and 11) values of the tempera- 
ture differential as high as 4° F. per inch of slab thick- 
ness were observed occasionally. Therefore the warp- 
ing stresses that may exist at certain times in concrete 
pavements haying a high modulus of elasticity and a 
high thermal coefficient may be more than twice as 
great as the stresses shown in figures 11 and 12. 

TABLE 12.— Transverse temperature-warping stresses in slabs 30 feet 
long 

i Onlos 
E= 5,000,000 pounds per square inch. 
e=0.000005. 

t(°F.) =38h (inches). 

# Depth of slab 

Subgrade modulus k oP 

6 inches 7 inches 8 inches 

Lb. per cu. in. Feet Lb. per sq. in. | Lb. per sq. in. | Lb. per sq. in. 
100 { 10 130 120 115 
OS aaa aaa 20 280 320 340 

300 { 10 210 200 190 
Sas eee alee hala lal 20 285 335 380 

It should be noted also that the assumption of a 
10-foot width of slab for the computation of the longi- 
tudinal interior warping stresses shown in figure 12 
involves also the assumption that the longitudinal joint 
offers no restraint to warping. Actually the types of 
longitudinal joints in common use may be expected to 
develop some restraint to warping and such restraint 
as may exist serves to increase the computed interior 
warping stresses, both in the longitudinal and trans- 
verse directions. 

It seems reasonable to conclude that the magnitude 
of the stress that may be induced by temperature warp- 
ing explains much of the cracking that takes place in 
concrete pavements which, in the past, has frequently 
been attributed to other causes. The possible magni- 
tude of these stresses indicates the importance of “the 
use of curing methods that will protect the concrete 
from extreme changes of temperature during its early 
life when its strength is low. 

Corner warping stresses—An exact mathematical 
analysis of stresses produced by temperature warping 
near the corner of a slab is not available and an ap- 
proximate solution must be used for stress computation. 
Both theory and experiment (/6) indicate that the 
warping stress increases as the distance from the 
corner along the diagonal bisector increases. The 
warping stress that is important is that which occurs 
at the point of maximum load stress. Bradbury (9) 
has developed an approximate equation for this stress, 
which is 

et 
Uni Gi Etna Vi yicne eo) oe (20) 

30—n) Vl 

Combinations of simultaneous stresses due to load and 
temperature: 

Corner.—When the temperature differential is positive 
it produces compressive stress in the top of the slab, 
whereas corner loading produces tensile stress. There- 
fore, since the combined stress due to warping and load is 
less than stress due to load alone, this condition requires 
no further consideration. At night, when the slab is 
warped upward, the two stresses are of the same sign 
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Figurr 13.—TEMPERATURE-WARPING STRESSES, CORNER OF 
SLAB. 

and therefore the warping stress tends to increase the 
combined stress. However, the effect is not great 
since at night the temperature differential, and the 
resultant warping stress, are small. 

Corner-warping stresses computed by equation 20 
are shown in figure 13 for an assumed temperature 
differential of 1° F. per inch of slab thickness. The 
curves show no great effect of any of the variables 
considered and the assumption of a flat value for the 
warping stress of about 40 pounds per square inch 
would probably be sufficiently accurate for all prac- 
tical purposes. This value is in good agreement with 
observed values ((18), table 14). 
Edge.—When temperature-warping stresses in the 

edge of the slab are combined with load stresses, two 
combinations require consideration. In the daytime, 
when the edge of the slab is warped down so that it 1s 
in contact with the subgrade, the load stresses are 
computed by Westergaard’ s formula (equation 9) and 
these should be combined with warping stresses com- 
puted for the daytime temperature differential of 3° F. 
per inch of slab depth. In this case both load and 
temperature create tensile stress in the bottom of the 
slab. 

The second combination is that of maximum load 
stresses, which occur at night when the edge of the 
slab is warped upward, with the w arping stresses com- 
puted for the nighttime temperature differential of 
1° F. per inch of “slab thickness. For these assumed 
temperature differentials the warping stress at night 
is one-third as large as that which occurs during the 
day and it is of opposite sign from stress due to load. 
Therefore, the combined stress at night is less than the 
stress due to load alone. 

MOISTURE WARPING STRESSES CAN BE SAFELY IGNORED IN DESIGN 

Interior.—In the Arlington tests (/6) it was found 
that the condition of slab warping had a negligible 
effect on the magnitude of the maximum stress pro- 
duced by a load “applied at the interior of the slab. 
The maximum load stress at the interior is about the 
same at night when the edges of the slab are warped 
upward as in the daytime when the edges are warped 
down. Therefore, in the determination of the maxi- 
mum combined stress due to load and temperature 
warping, the maximum load stress should be combined 
with the warping stress produced by the temperature 
differential that occurs in the daytime. 
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Figure 14.—Errect or Stas THICKNESS, SUBGRADE Moputus, AND SLAB LENGTH ON COMBINED STRESSES DUE TO LOAD AND 
TEMPERATURE WARPING IN THE EDGE oF A SuAB 10 Freer WIDE. 

Moisture warping.—Since concrete expands and con- 
tracts with changes in moisture content, it follows 
that a difference in the moisture content between the 
top and bottom of a concrete pavement slab causes 
the slab to warp or curl in much the same manner as 
does a differential in temperature. When the top of 
the slab is dryer than the bottom the edges of the 
slab curl upward and when the moisture differential 
is in the opposite direction the edges of the slab curl 
downward. 

As a result of the extensive observations made in the 
Arlington tests (16) it was concluded that, for the cli- 
matic conditions that prevailed, the moisture content 
of a pavement slab is at a maximum, and the moisture 
gradient that causes warping is at a minimum, during 
the period from January to March. As compared with 
the conditions that prevailed during this period, it was 
found that the edges of the slab were curled upward 
during the summer months, when the top of the slab 
was dryer than the bottom, and began to curl downward 
again during the fall. 

Thus the warping of the slab caused by moisture 
differential is a seasonal change which takes place 
slowly over a considerable period of time during which 
there is opportunity for plastic yield of the concrete 
to take place. Also it was observed in the Arlington 
tests that as the seasonal warping takes place the slab 

settles into the subgrade, thus reducing the restraint 
to warping due to the weight of the slab. Because of 
the time element and its effect on the adjustment 
between slab and subgrade and on the plastic flow of the 
concrete, it seems very probable that stresses due to 
moisture warping are not as great as the deformations 
in the concrete would indicate. 

For these reasons the strains due to moisture warping 
that have been measured in connection with the Arling- 
ton tests cannot be translated into stress with any 
certainty. However, the observations made indicate 
that the curvature caused by moisture is principally an 
upward warping of the edges caused by moisture loss 
from the top of the slab during the warm season of the 
year, and that the downward warping that takes place 
when the moisture in the top of the slab exceeds that 
in the bottom may be expected to be considerably smal- 
ler. Thus, during hot summer days when moisture 
and temperature differentials are both a maximum, the 
curvature caused by one is in the opposite direction to 
that caused by the other and such stress as may be 
caused by moisture serves to reduce rather than to 
increase the stress due to temperature warping. Since 
the stresses due to moisture warping cannot be evalu- 
ated, it is fortunate that the evidence indicates that they 
may be disregarded with safety in computing the 
stresses in pavement slabs. To ignore them appears 
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to add some factor of safety of unknown magnitude 
and importance. 

Combined stresses—Total combined stresses due to 
load and temperature warping are showr in figures 14, 
15, and 16 for the edge and interior of slabs of different 
depths, a width of 10 feet and lengths of 10, 15, and 30 
feet. Combined corner stresses, which are not influ- 
enced by the dimensions of the slab other than depth, 
are shown in the left part of figure 17. The assumed 
load is an 8,000-pound wheel load on dual high-pressure 
tires. The edge-load. stresses of figure 14 are computed 
by equation 15 for the nighttime condition of upward 
warping and therefore the assumed temperature differ- 
ential for the warping stresses is taken as 1° F. per inch 
of slab thickness. Since the warping stresses and load 
stresses are of opposite sign, the combined edge stresses 
of figure 14 are less than the load stresses. For the 
reasons that have been given, the assumed temperature 
differential for the corner warping stresses of figure 17 
is also taken as 1° F. per inch of slab thickness. The 
edge-load stresses of figure 15 are computed by equation 
9 for daytime conditions and therefore the assumed 

temperature differential for the warping stresses is 
taken as 3° F. per inch of slab thickness. The same 
differential is also used for computing interior warping 
stresses to be combined with interior load stresses in 
figure 16. 

As would be expected from the previous discussion, 
the computed corner warping stresses are small, rang- 
ing from about 30 to 50 pounds per square inch for the 
range of variables assumed, and their effect on combined 
corner stresses is practically negligible. 

REDUCING SLAB LENGTH TO 10 FEET GREATLY REDUCES COMBINED 

STRESSES 

It may be observed that in all cases, for a given thick- 
ness of slab and the same value of the subgrade modulus, 
the combined edge stresses of figure 15 are larger than 
those of figure 14. The somewhat larger load stresses 
that may occur at night (equation 15), when reduced 
by the warping stresses, are less than the lower load 
stresses of equation 9 in combination with the high 
warping stresses that occur during the day. Except in 
slabs 10 feet long the differences are of considerable 
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magnitude. In view of this, the combined stresses of 
figure 14 will be disregarded in the subsequent discus- 
sion although it should be recognized that other assump- 
tions than those which determine the curves of figures 
14 and 15 might lead to different relative values. 

Bearing in mind that the temperature warping 
stresses shown in figures 15 and 16 may be regarded as 
average rather than probable maximum values, the 
following interesting observations may be made with 
respect to the combined edge stresses of figure 15 and 
the combined interior stresses of figure 16, both being 
for a slab 10 feet wide. 

1. In slabs 30 feet long an increase in the depth of 
slab does not effect any marked decrease in the total 
combined stress. In fact, for k=300, there is a slight 
increase in interior stress as the slab thickness is i1n- 
creased beyond 8 inches and in the edge stress as the 
thickness is increased beyond 9 inches. 

2. In slabs 30 feet long a high value of the subgrade 
modulus results in a lower combined stress than a low 
value of the modulus, but for values between k=100 
and #300 the difference is not great enough to be 
significant. 

3. In slabs 30 feet long the combined edge stresses 
are somewhat higher than those in the interior of the 
slab. For an 8-inch slab the difference is about 100 
pounds per square inch for k=100 and 60 pounds per 
square inch for k=300. 

4. Reducing the slab length from 30 to 15 feet results 
in some reduction in interior stress when k=100 but 
has very little effect when k=300. In general, this 
reduction in slab length has a greater effect on combined 
edge stresses than on combined interior stresses and 
the reduction in stress is considerably greater when 
k=100 than when k=300. 

5. In slabs 15 feet long in contrast to those 30 feet 
long, a high value of the subgrade modulus generally 
results in a higher combined stress than does a low 
value of the modulus. In an 8-inch slab, interior and 
edge stresses for k=300 exceed those for k=100 by 
about 80 pounds per square inch and 40 pounds per 
square inch, respectively. 

6. Reducing the slab length from 30 to 10 feet re- 
sults in an appreciable reduction in combined interior 
and edge stresses. The combined stresses in an 8-inch 
slab, as shown in figures 15 and 16, are given in table 13. 

The combined stresses which may occur in the daytime 
in the free edge of a transverse joint in a slab 10 feet 
wide are shown in the second chart of figure 17. The 
curves show that the depth of slab has a marked in- 
fluence on combined stresses but that the effect of 
variations in the subgrade modulus between k=100 and 
k:=300 is negligible. 

From the above discussion it may be concluded, for 
the stress-producing conditions assumed, that: 

1. In slabs as long as 30 feet, the depth of slab has 
very little influence on the magnitude of combined 
interior and edge stresses. 

2. In slabs as long as 30 feet, combined edge stresses 
and combined interior stresses of the order of 600 
pounds per square inch are to be expected under what 
may be considered average conditions. When the 
concrete has a higher thermal coefficient and a higher 
modulus of elasticity than the values used in these 
computations and when the temperature differential 
is higher than that assumed, these combined stresses 
may be greatly increased. 

TABLE 13.—Combined edge and interior stresses in a slab 10 feet 
wide and 8 inches thick } 

Combined edge stress Combined interior stress 

Slab length 

k=100 k=300 k=100 k=306 

Feet Lb. per sq. in. | Lb. per sq. in. | Lb. per sq.in. | Lb. per sq. in. 
SOLES Ratt ins cee are 670 610 570 550 
LD os eae re eee ee 530 570 430 510 
10S ae eee ee 400 430 300 370 

1 From figs. 15 and 16. 

3. In order to effect any significant reduction in 
combined stresses in the edge and interior of the slab 
it is necessary to reduce the slab length to about 10 feet. ° 
In a slab 10 feet long and 8 inches thick the combined 
stresses will be of the order of 400 pounds per square 
inch as compared with 600 pounds per square inch in a 
slab 30 feet long. 

4. In short slabs the depth of the slab has a very 
marked influence on combined stresses at the edge 
and interior. In slabs of any length the depth of slab 
has a marked influence on combined stresses at the 
corners and edges of free transverse joints. 

5. The character of the subgrade, as measured by 
variations in the subgrade modulus between k=100 and 
k=300, does not have a great effect or a consistent 
effect on the magnitude of combined stresses. In long 
slabs the higher interior and edge stresses are associated 
with the lower values of the modulus while in short 
slabs the reverse is true. 
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PUBLICATIONS of the PUBLIC ROADS ADMINISTRATION 
(Formerly the BUREAU OF PUBLIC ROADS) 

Any of the following publications may be purchased from 

the Superintendent of Documents, Government Printing Office, 

Washington, D. C. As his office is not connected with the 

Agency and as the Agency does not sell publications, please 

send no remittance to the Federal Works Agency. 

ANNUAL REPORTS 

Report of the Chief of the Bureau of Public Roads, 1931. 
10 cents. 

Report of the Chief of the Bureau of Public Roads, 1933. 
5 cents. 

Report of the Chief of the Bureau of Public Roads, 1934. 
10 cents. 

Report of the Chief of the Bureau of Public Roads, 1935. 
5 cents. 

Report of the Chief of the Bureau of Public Roads, 1936. 
10 cents. 

Report of the Chief of the Bureau of Public Roads, 1937. 
10 cents. 

Report of the Chief of the Bureau of Public Roads, 1938. 
10 cents. 

HOUSE DOCUMENT NO. 462 

Part | . . . Nonuniformity of State Motor-Vehicle Traffic 
Laws. 15 cents. 

Part 2. . . Skilled Investigation at the Scene of the Acci- 
dent Needed to Develop Causes. 10 cents. 

Part 3. . . Inadequacy of State Motor-Vehicle Accident 
Reporting. 10 cents. 

Part 4. . . Official Inspection of Vehicles. 10 cents. 

Part5 . . . Case Histories of Fatal Highway Accidents. 
10 cents. 

Part 6. . . The Accident-Prone Driver. 10 cents. 

MISCELLANEOUS PUBLICATIONS 

No. 76MP . . The Results of Physical Tests of Road-Building 
Rock. 25 cents. 

No. I9IMP. . Roadside Improvement. 10 cents. 

No. 272MP. . Construction of Private Driveways. 10 cents. 

No. 279MP. . Bibliography on Highway Lighting. 5 cents. 

Highway Accidents. 10 cents. 

The Taxation of Motor Vehicles in 1932. 35 cents. 

Guides to Traffic Safety. 10 cents. 

Federal Legislation and Rules and Regulations Relating to 
Highway Construction. 15 cents. 

An Economic and Statistical Analysis of Highway-Construction 
Expenditures. 15 cents. 

Highway Bond Calculations. 

Transition Curves for Highways. 

10 cents. 

60 cents. 

DEPARTMENT BULLETINS 

No. 1279D . . Rural Highway Mileage, Income, and Expendi- 
tures, 1921 and 1922. 15 cents. 

No. 1486D . . Highway Bridge Location. 15 cents. 

TECHNICAL BULLETINS 

No. 55T . . . Highway Bridge Surveys. 20 cents. 

No. 265T. . . Electrical Equipment on Movable Bridges. 
35 cents. 

Single copies of the following publications may be obtained 
from the Public Roads Administration upon request. They can- 
not be purchased from the Superintendent of Documents. 

MISCELLANEOUS PUBLICATIONS 

No. 296MP. . Bibliography on Highway Safety. 

House Document No. 272 . . . Toll Roads and Free Roads. 

SEPARATE REPRINT FROM THE YEARBOOK 

No. 1036Y . . Road Work on Farm Outlets Needs Skill and 
Right Equipment. 

TRANSPORTATION SURVEY REPORTS 

Report of a Survey of Transportation on the State Highway 
System of Ohio (1927). 

Report of a Survey of Transportation on the State Highways 
of Vermont (1927). 

Report of a Survey of Transportation on the State Highways 
of New Hampshire (1927). 

Report of a Plan of Highway Improvement in the Regional 
Area of Cleveland, Ohio (1928). 

Report of a Survey of Transportation on the State Highways 
of Pennsylvania (1928). 

Report of a Survey of Traffic on the Federal-Aid Highway 
Systems of Eleven Western States (1930). 

UNIFORM VEHICLES CODE 

Act 1.—Uniform Motor Vehicle Administration, Registration, 
Certificate of Title, and Antitheft Act. 

Act II].—Uniform Motor Vehicle Operators’ and Chauffeurs’ 
License Act. 

Act I1].—Uniform Motor Vehicle Civil Liability Act. 

Act 1V.—Uniform Motor Vehicle Safety Responsibility Act 

Act V.—Uniform Act Regulating Traffic on Highways. 

Model Traffic Ordinances. 

A complete list of the publications of the Public Roads Ad- 
ministration, (formerly the Bureau of Public Roads) classified 
according to subject and including the more important articles 
in Pustic Roaps, may be obtained upon request addressed to 
Public Roads Administration, Willard Bldg., Washington, D. C. 
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